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In nonrelativistic quantum mechanics the spontaneous generation of singularities in smooth and
finite wave functions, is a well understood phenomenon also occurring for free particles. We use the
familiar analogy between the two-dimensional Schro¨dinger equation and the optical paraxial wave
equation to define a new class of square-integrable paraxial optical fields which develop a spatial
singularity in the focal point of a weakly-focusing thin lens. These fields are characterized by a single
real parameter whose value determines the nature of the singularity. This novel field enhancement
mechanism may stimulate fruitful researches for diverse technological and scientific applications.
It has been known in classical optics for some time that
there are light beams which tend to abruptly focus while
propagating in free space (see, for example, Refs. [1–
5]). In this work we report on similar situations where a
singularity suddenly appears in free-propagating paraxial
optical fields. Specifically, we study a family of paraxial
fields, square integrable and almost everywhere smooth,
which spontaneously generates a singularity along the
propagation axis in the focal point of a thin lens. One pa-
rameter is used to characterize this family and its value
determines the nature of the singularity. According to
such value, the amplitude of the field in the focal point
may be either infinite or manifest a cusp singularity.
In his book on quantum mechanics [6], Asher Peres
presents an example of a one-dimensional square-
integrable Schro¨dinger wave function, continuous at t =
0, which evolves into a singular function at a later time
t > 0. The Schro¨dinger equation for a free particle with
mass m in two spatial dimensions
∂2Ψ
∂x2
+
∂2Ψ
∂y2
= −i2m
~
∂Ψ
∂t
, (1)
and the paraxial equation for a monochromatic wave of
wavelength λ and wavenumber k = 2pi/λ propagating in
vacuum
∂2Ψ
∂x2
+
∂2Ψ
∂y2
= −i2k∂Ψ
∂z
, (2)
have the same mathematical form. This analogy is well
known and fully documented (see, for example, Ref. [7]
for a comprehensive review). We exploit such analogy
to extend Peres’ one-dimensional result to paraxial op-
tics, in the spirit of Ref. [8]. We find that the situation
described by Peres corresponds to a collimated optical
beam weakly focalized by a thin lens, and that the time
at which the singularity of the Schro¨dinger wave function
occurs translates into a propagation distance equal to the
focal length of the lens.
To begin with, consider a 2D scalar field with distri-
bution Ψ(x, y, 0) on the plane z = 0. The solution of (2)
Out[345]=
FIG. 1. Plot of the function |Ψν(x, y, 0)|2 for ν = 1/3.
for z > 0 is
Ψ(x, y, z) =
k
2piiz
∫
ei
k
2z [(x−ξ)2+(y−η)2]Ψ(ξ, η, 0)dξdη,
(3)
where the integral is understood over the real ξη plane.
The function which multiplies the field Ψ(ξ, η, 0) in the
integrand of (3), is known in classical optics as the Fres-
nel propagator [9]. Now, we concentrate on the func-
tion Ψν(x, y, 0) ≡ ψν(x, 0)ψν(y, 0), where ψν(x, 0) =
exp[−ikx2/(2f)]φν(x), with
φν(x) =
1
(1 + x2/σ2)
ν , (4)
where f > 0, σ > 0 and ν > 0 are given positive
constants. Here and hereafter φ(x) stands for a 1D
field at z = 0 before the lens, while we use ψ(x, z) to
denote the same field at z ≥ 0 after the lens, with
ψ(x, 0) = exp[−ikx2/(2f)]φ(x). ν is a real-valued pa-
rameter that we can vary to obtain different kinds of
singularities within the same family of fields specified by
(4). The quantity σ determines the spot size of the beam
and f is the focal length of a thin lens [9] placed at z = 0
along the propagation axis z. The function Ψν(x, y, 0) is
square integrable providing that ν > 1/4. When ν = 1, it
represents, up to a phase factor, a so-called Lorentz beam
[10]. The cross-shaped intensity profile of Ψν(x, y, 0) is
shown in Fig. 1.
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2Substituting (4) into (3), we obtain
Ψν(x, y, z) =
k
2piiz
exp
[
i
k
2z
(x2 + y2)
]
aν(x, z)aν(y, z),
(5)
where we have defined the auxiliary function
aν(x, z) =
∞∫
−∞
exp
{
i k2z
[
−2xs+
(
1− zf
)
s2
]}
(1 + s2/σ2)
ν ds. (6)
For x = 0 and z = f (namely, in the focal point of the
lens), the argument of the exponential function above
drops to zero and the integrand falls of as |s|−2ν when
|s| increases. This implies that aν(0, f) is infinite for
ν < 1/2 and equal to aν(0, f) = pi
1/2σΓ(ν − 1/2)/Γ(ν)
for ν > 1/2, where Γ(x) denotes the gamma function
[11]. Therefore, for 1/4 < ν < 1/2 the field Ψν is square
integrable and, nevertheless, infinite at x = 0 = y and
z = f . To explain why this singularity develops from
the smooth field Ψν(x, y, 0), we first note that for x 6= 0
and z 6= f the rapid oscillations of the complex exponent
make the integrand in (6) integrable. More precisely, for
1/4 < ν < 1/2, the integrand converges for z 6= f , it con-
verges conditionally for z = f and x 6= 0, and diverges
for z = f and x = 0. The rapid oscillations are caused
by the mismatch between the radius of curvature (equal
to z) of the diverging wavefront of the propagating field
and the radius of curvature (equal to f) of the converging
wavefront generated by the lens. However, at the focal
plane z equals f , the two radii become identical and the
rapid oscillations vanish [12]. Then, the remaining in-
tegral can be calculated analytically for ν > 0 and the
result is
aν(x, f) =
σ
√
pi
2ν−
3
2 Γ(ν)
(
kσ
|x|
f
)ν− 12
Kν− 12
(
kσ
|x|
f
)
, (7)
where Kν− 12 is the modified Bessel function of the third
kind, which is square integrable although it becomes in-
finite at x = 0. However, the product |x|ν− 12 Kν− 12 (|x|)
may be either finite or infinite at x = 0 according to the
value of ν. Specifically, for small |x|
|x|ν− 12 Kν− 12 (|x|) ≈
Γ(ν − 1/2)
23/2−ν
+
1
|x|1−2ν
Γ(−ν + 1/2)
2ν+1/2
.
(8)
This expression clearly diverges for small |x| and ν 6=
1/2 + m, (with m positive integer). Figure 2 shows the
function |x|ν− 12 Kν− 12 (|x|) for ν = 4/5 and ν = 1/3. The
value ν = 4/5 only generates a cusp singularity at x = 0,
while for ν = 1/3 the function becomes infinite at x = 0.
For z 6= f the integral in (6) can be calculated either
exactly via numerical integration (see Fig. 3) or approx-
imately by the method of stationary phase [13]. For the
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FIG. 2. Plot of the function |x|ν− 12 Kν− 1
2
(|x|) from (7), for
ν = 4/5 (orange line) and ν = 1/3 (blue line). In the second
case the function becomes infinite at x = 0.
last case, the exponent is stationary when s = x/(1−z/f)
and a standard calculation gives
aν(x, z) ≈ (±2pi i z/k)
1/2[
1 + x
2/σ2
(1−z/f)2
]ν exp
(
−i k2z x
2
1−z/f
)
|1− z/f |1/2
, (9)
where the upper or lower sign is taken, according as
z ≶ f . This approximation breaks down in the very
neighborhood of z = f and x 6= 0 where the station-
ary point ceases to be a critical point of the first kind
and tends to the endpoints s = ±∞. However, we could
verify the validity of (9) outside this critical region, by
comparison with numerical integration.
The first moments 〈x〉Ψν and 〈y〉Ψν of the distribution
|Ψν(x, y, z)|2 are finite and equal to zero whenever ν >
1/2. The second moment 〈x2 + y2〉Ψν exists providing
that ν > 3/4 and gives a measure of the beam waist.
Using some results from [14], it is not difficult to show
FIG. 3. Plot of the dimensionless function |aν(x, z)|
√
k/z
for ν = 4/5, f = 250 mm and λ = 500 nm, as resulting from
a numerical integration. The function is steep but finite at
x = 0.
3FIG. 4. Intensity profiles Iν = |Ψν(x, y, z)|2 / |Ψν(0, 0, 0)|2 at (a) the origin z = 0 and (b) in the focal plane z/f = 1 of the
lens, calculated with the values ν = 4/5, σ = 1 mm, f = 250 mm, λ = 500 nm and L = 30 mm. In this case L/f = 0.12 and the
paraxial approximation is still valid. Note the different scales of the x-y axes for the two plots.
that
〈x2 + y2〉Ψν
σ2
=
1/2
ν − 3/4
(
1− z
f
)2
+
z2
z20
ν(4ν − 1)
4(2ν + 1)
,
(10)
where ν > 3/4 and we have defined z0 ≡ kσ2/2, which
fixes a unit of longitudinal length equivalent to the
Rayleigh range of a Gaussian beam [13]. As expected,
since both terms in (10) are non-negative for ν > 3/4,
the minimum value of 〈x2 + y2〉Ψν is achieved in the fo-
cal plane z = f , where
√
〈x2 + y2〉Ψν
∣∣∣
z=f
=
fσ
z0
√
ν(4ν − 1)
4(2ν + 1)
. (11)
The square-root term on the right side of this equation
varies between 0 and 1/2 for 1/4 ≤ ν ≤ 1. Therefore,
in order to have a small spot size is desirable to have
fσ/z0 = fλ/(piσ)  λ. This cannot be achieved in the
paraxial regime of propagation where σ/f ≡ tan θ ≈ θ 
1 and fσ/z0 = λ/(pi tan θ) λ. That is, sub-wavelength
focusing is not possible for ν > 3/4.
Any physically realizable optical system has necessarily
a finite aperture. This means that for a real-world beam
Eq. (6) should be replaced by
Aν(x, z;L) ≡
L∫
−L
exp
{
i k2z
[
−2xs+
(
1− zf
)
s2
]}
(1 + s2/σ2)
ν ds,
(12)
where Aν(x, z;∞) = aν(x, z) and 2L is the diameter of
the lens. The asymptotic expansion of Aν(0, f ;L) =
2L 2F1(1/2, ν; 3/2;−L2/σ2), where 2F1(α, β; γ; z) de-
notes the hypergeometric function [11], can be calculated
via a Taylor expansion around L =∞, which gives
Aν(0, f ;L) ≈ σpi
1/2Γ(ν − 1/2)
Γ(ν)
+
2σ
1− 2ν
(
L
σ
)1−2ν
.
(13)
This equation shows that the singularity of Ψν(0, 0, f)
is dissolved in the passage to a finite aperture because
Aν(0, f ;L) ≈ L1−2ν , which is always finite for L < ∞
and becomes infinite for L → ∞ when ν < 1/2. This
means that the origin of the singularity at x = 0 and
z = f is rooted in the infinite lateral extent of the field
φν . However, this mechanism is very different from the
one generating a Dirac delta singularity in the focal plane
of a lens of infinite aperture illuminated by a plane wave.
In this case the singularity arises at the cost of the infi-
nite amount of energy carried by the incident field. Con-
versely, φν is square integrable for ν > 1/4. In passing,
we note that the apparent singularity in (13) for ν = 1/2
is an artifact of the expansion, as it can be seen by cal-
culating explicitly A1/2(0, f ;L) = 2σ arcsinh(L/σ). A
comparison between the intensity distribution of the field
before the lens and in the focal plane of the latter, is
shown in Fig. 4 for ν = 4/5 and L = 30 mm.
For the realistic case of finite L, it is interesting to com-
pare the focusing efficiency of the “singular” field φν(x)
with respect to a Gaussian field φG(x) = exp(−x2/σ2G)
and a “rectangular” field φR(x) = rect(x/σR), where
rect(x) denotes the rectangular function [9]. From
φν(0) = φG(0) = φR(0) = 1 it follows that the three
fields have the same peak intensity at z = 0. The pa-
rameters σG and σR which set the waists of the Gaussian
and rectangular fields, respectively, are fixed by impos-
ing that these fields carry the same energy of the singular
field, namely
L∫
−L
|φν(x)|2 dx =
L∫
−L
|φG(x)|2 dx =
L∫
−L
|φR(x)|2 dx.
(14)
This equation implies that both σG and σR depend on the
width σ of the singular field and on the aperture diameter
2L. For example, using (14) with σ = 1 mm and L =
30 mm, we find σG = 4.27 mm and σR = 5.36 mm. Figure
5 below shows the behavior of the three fields φν , φG and
4φR at z = 0 (before the lens) and at z = f (in the focal
plane of the lens). Ceteris paribus, the singular field φν
exhibits a focal intensity distribution narrower and higher
than standard Gaussian and rectangular fields.
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FIG. 5. (a) Intensity distributions of the fields φν (blue
line), φG (dashed green line) and φR (orange line) at z = 0.
(b) Intensity distributions of the same fields as in (a), but
evaluated on the focal plane z = f . In both plots the width
of the Gaussian and rectangular function has been chosen
according to (14), giving σG = 4.27 mm and σR = 5.36 mm
for ν = 1/3, σ = 1 mm and L = 30 mm. The focal length f
of the lens is fixed to f = 250 mm. For the paraxial Gaussian
beam considered here, the equation z = f sets the focal plane
to a good approximation.
The results illustrated in Fig. 5 (b) may induce to
think about a possible violation of the diffraction limit
by the singular field φν . However, this is not the case,
as clearly illustrated in Fig. 6 below, where the singular
field φν is compared to a plane wave illuminating uni-
formly the aperture and carrying the same amount of
total energy. In fact, the diffraction limit is determined
by the intensity distribution generated by the uniform
illumination which is, according to Fig. 6 (b), less wide
than the distribution of |ψν |2.
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FIG. 6. (a) Intensity distributions at z = 0 of the singular
field φν (blue line) and the re-normalized rectangular field
Z
1/2
R φR (orange line), where ZR = 2F1(1/2, 2ν; 3/2;−1/4)
with ν = 1/3 and σR = 2L. (b) Intensity distributions
of the same fields as in (a), but evaluated at z = f . Here
2F1(α, β; γ; z) denotes the hypergeometric function [11] and
σ = 1 mm, L = 30 mm, f = 250 mm.
To summarize, we have presented and studied a family
of paraxial optical beams which spontaneously develop
a singularity while propagating in free space. The use
of either antennas or nonlinear optical devices is not re-
quired to observe this effect. However, an optical system
not limited by a finite aperture is required to achieve the
singularity. Perhaps the most valuable characteristics of
these beams is that they are represented by square inte-
grable functions. Because of this, they do not seem to
belong to the wide class of Airy beams [15] and X-waves
amply studied in recent years (see, for example, [16–18]
and [19, 20]). Due to the finiteness of our beams, their
singularities do not require a nonphysical infinite amount
of energy to manifest. Nevertheless, the local amplitude
of the field at a singular point may grow unboundedly.
This promising field enhancement mechanism may foster
further interesting researches in classical and quantum
nonlinear optics.
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